Abslracl-A rigorous analytical framework for a class of dynamical systems with controlled singularities is developed.
I. INTRODUCTION

Based on the results of [1]-[5]
, the present work develops a rigorous analytical framework for the class of dynamical systems with controlled, or active, elastic unilateral constraints, specifically: 1) a system of differential equations with unbounded impulsive control signals in the right-handside (rhs), further referred to as the original system, that consistently accommodates controlled collisions, but is not well suited for motion planning and controller synthesis, is introduced; 2) a topological map -a one-to-one space-time transformation parametrized by the coefficient of elasticity is found that permits regularization of the original system; 3) applying this map to the original system, the corresponding limit representation is obtained-for the infinite value of the elasticity coefficient, and it is demonstrated that the corresponding solutions of the original and the limit representations can be made arbitrarily close to each other uniformly except, possibly, in the vicinities of the jump points by the appropriate setting of the value of the elasticity coefficient in the original system; 4) a new type of description of the impulsive action in the form of the controlled shift operator along the trajectories of the equation of fast dynamics in the singular phase is introduced and incorporated into the system limit representation; this operator can he viewed as active collision mapping, replacing the traditional one; 5 ) the limit representation is shown to have the desired modeling properties, namely, to uniquely describe isolated paths with discontinuities, have bounded rhs delta-function coefficients and control signals, retain all the details of the original system dynamics, and, therefore, conveniently lend itself to simulation, system design, and control law synthesis; 5 ) implementation of the control laws is shown to be accomplished by simply substituting the time-rescaled bounded control signals found through the use of the limit representation into the actual physical system, resulting in the behavior of the latter close to that of the limit system for sufficiently large values of the elasticity coefficient and sufficiently accurate original system description; 6) using this framework, a detailed example of modeling in a difficult to model class of systems -mechanical systems with control actions introduced through collisions with controlled nonstationary constraints, is given.
As an example of a system with controlled singularity, consider a balvracket system where a ball collides with a moving racket that rotates during an impact. In this case, the additional force component arises due to the change of the racket surface orientation, as shown in Fig. 1 , where ct and 01' denote the pre-and post-impact reflection angles of the ball with respect to normals to the racket surface. If one tries to derive a collision map through the use of the mechanical conservation laws, one easily comes to the conclusion that these laws are insufficient for describing the impulsive reaction of the rotating elastic surface, since both the orientation and the value of the reaction force abruptly change during the impact phase. The present work develops the analytical setting capable of addressing the challenge posed by the example described. with the following features: I ) the contact force is considered to be the result of a small violation of a constraint that starts taking place as Sean as the system hits the boundary of a constraint; 2) this force resists the penetration of the system into the domain, inhibited by the constraint, and causes a very fast (almost instantaneous) change of the sign of normal velocity component to the opposite one; 3) the controlled motion in the inhibited domain is admitted and described by the nonstandard controlled singularly perturbed differential equation with infinitely growing right-hand-side, such that the solution of this equation behaves in the limit as a stepwise function with respect to the components of the generalized velocity.
A. NATURAL AND SINGULAR MOTION PHASES FOR SYSTEMS WITH CONTROLLED SINGULARITIES: THE GENERAL SYSTEM MODEL
Let in a system with elastic constraints the elasticity be parametrized by some coefficient p. Let the constraints admit a system motion, albeit inhibited, within the area occupied by them for finite p and become rigid for p + M. Further on, consider decomposition of the entire system motion into two phases, the one corresponding to the motion in the area free of constraints and the second one describing the motion in the area inhibited by constraints, referred to as the natural and the singular phases, respectively.
Let the controlled dynamical system be described by the set of variables zp(?) E R",z,(t) E R", where vector zp is referred to as the set of generalized coordinates and xu as the set of generalized velocities. Suppose that there is some constraint given in the form of the inequality
G(zp(t),t) 5 0
(1)
were G(z, t ) is the continuous and sufficiently smooth function. Let the system admit the two modes of motion, an unconstrained, or motion in the constraint-free area, and an "inhibited", or motion in the area occupied by the constraint, further referred to as the natural and the singular motion phases, respectively.
MOTION IN THE NATURAL PHASE
In the domain {(zp,t) : G ( z p , t ) 5 0 ) the system of differential equations for {zp, z. } has the form (2) i p ( t ) = F;(zP(t),z"(t), N , t ) , 
Assume that for any given 0 5 p < M the joint system (2),(3) has the unique solution for any given measurable controls U ( . ) , w(.). The objective is to determine the behavior of the joint system for p t CO, and to find out if there exists the appropriate limit for its solution. If the limit exists, one can treat it as rhe generalized solution of a dynamical system with unilateral constraints, which would then be described by the limiting form of the joint system -a differential equation with delta functions in the rhs, 0); more generally, with measure.
The equations ( 2 ) and (3) together with the constraint (I) will be referred to as the original system. The system of equations (2) for the nonsingular phase, the coordinate map (6), and the system of equations (7) for the singular phase will be jointly referred to as fhe mulfi-scale motion representarion of the original system This term arises due to the decomposition of the original system equations (2) and (3) that contain mixed scales into subsystems separately describing the slow regular and the fast singular phases.
DYNAMICAL SYSTEMS WITH CONTROLLED SINGULARITIES: LIMIT REPRESENTATION OF A SINGLE
JUMP.
Next theorem describes the limit behavior of singularly perturbed system (7) as p t ca. The theorem and its corollary demonstrate that the velocity jumps can be represented by means of the shift-operator along the paths of some limit system of differential equations. The theorem also shows how to incorporate control into the singular motion phase and thereby creates the bridge between impact mechanics and the impulsive control theory.
A. CALCULATION 
where convergence is uniform in any bounded vicinity of (vp, Remark I : This theorem shows that the limit system (IO) demonstrates almost the same behavior as the original one for sufficiently large p. The main result is the following Corollary which establishes the single jump representation with the aid of the limit system solution. The multiple jump representation is omitted due to space limitations. 
B. REPRESENTATION OF THE SINGLE-JUMP GENERAL-IZED SOLUTION
Let the system start from the initial condition zp(0),z.(O)
such that G(zp(0),O) < 0 and 7 be the first point where the system engages the constraint, so that conditions (4) and (5) hold. In order to describe the discontinuity at a point 7, introduce the differential equation 
c. THE SUFFICIENT CONDITION FOR THE CON-STRAINTS TO BE REPULSIVE
The assumption 2 of Theorem I means that "force" P has the property to repulse the system from the inhibited Suppose that one can ascertain that this restitution%rce is of the visco-elastic type and such that One can then obtain the following criterion.
area Z > 0. Let also k l , kz 2 0 and satisfy the inequality Remark 2: This proposition means that the restitution force (21) guarantees the repulsion in the finite time. Thus, if the limit system (10) satisfies the assumption 2 of Theorem, then the constraint is repulsive.
D. REALIZATION OF THE IMPULSIVE CONTROL
The significance of Theorem 3 is in admitting the realization of the desired generalized solutions and the corresponding impulsive control signals obtained on the basis of the limit system in the corresponding original system. Suppose that the generalized solution { z P ( t ) , z u ( t ) } , the Corresponding control signal u(t) E U, the finite set of instants (26) and so on. Then, according to Theorem 3, the resulting solution {z;(t), z&(t)} -+ {zp(t), z"(t)}, i.e., the solution of the original system converges to that of the limit system, uniformly in p as p -+ 03 at all points of continuity.
MECHANICAL SYSTEMS WITH CONTROLLED CONSTRAINTS: AN ANALYSIS OF A MOTIVATING EXAMPLE
Let us apply the description of motion given by the theorems formulated in the previous section to the example given in the introduction. Let the dynamics of the ball be described by a pair of vectors (zp,zw), where zp E R3 correspond to the position and z . E R3 to the velocity, so that the nonsingular phase is described by the equation
Iv. MULTI-SCALE AND LIMIT REPRESENTATION OF
The position of the racket surface plane is given by the relation < y , n ( t , p ) >= 0, where < ., . > is the scalar product, /I is the elasticity coefficient, and n(t) is a unit vector of normal to the surface. For simplicity, consider the case when the center of the rotation coincides with the point of contact and the rotation axis is orthogonal to the plane formed by vectors xu and n. In the singular phase, which takes place whenever the ball hits the surface, the contact force is proportional to the value of the surface deformation and directed perpendicular to the surface, so that if
G(zpe,(t), t ) =< 4 t h n(t,p) >< 0,
One can complete this system with the differential equation
where a x b denotes the vector product, and w(t,p) is the angular velocity of the surface rotation. This velocity could be interpreted as an impulsive control that abruptly changes the angle of the surface during the contact phase. Therefore, this velocity admits the representation where W O is the unit vector directed along the rotation axis, w(.) is an impulsive control, and T is the impact time. The use of the transformation (6)
nP(S) = n(T + p-'/*.S,p) (27) yields the following limit system for limit variables 
